fcath. AG/9806 118| (June, 1998) 
Adelaide IGA preprint 1998-07 



On the Instanton Complex of Holomorphic Morse Theory 

Siye WuQ 

Department of Pure Mathematics, University of Adelaide, Adelaide, SA 5005, Australia 



Abstract. Consider a holomorphic torus action on vector bundles over a complex manifold which lifts to 
a holomorphic vector bundle. When the connected components of the fixed-point set are partially ordered, 
we construct, using sheaf-theoretical techniques, two spectral sequences that converges to the twisted 
Dolbeault cohomology groups and those with compact support, respectively. These spectral sequences are 
the holomorphic counterparts of the instanton complex in standard Morse theory. The results proved imply 
holomorphic Morse inequalities and fixed-point formulas on a possibly non-compact manifold. Finally, a 
number of examples and applications are given. 



1. Introduction 

Given a Morse function on a compact real manifold, the Morse inequalities bound the Betti numbers in 
terms of the information of critical points. However, the former can not be determined by the Morse inequalities 
alone unless the Morse function is perfect. If the Morse function satisfies the transversality condition 
then there is a finite dimensional complex, called the Thom-Smale-Witten complex or the instanton complex 
f30f , which computes the cohomology groups of the manifold. (See [[[o) for a historical review.) The instanton 
complex consists of vector spaces spanned by the critical points of the Morse function (when they are isolated), 
graded by their Morse indices. The coboundary operators come from counting (with orientation) the number of 
gradient paths between critical points whose Morse indices differ by one. The latter is related to the instanton 



tunneling effect in supersymmetric quantum mechanics |50|. 

Consider a complex manifold with a holomorphic group action and a holomorphic vector bundle over the 
manifold on which the group action lifts holomorphically. We want to determine the Dolbeault cohomology 
groups (twisted by the vector bundle) as representations of the group. When the manifold is compact, the 
fixed-point formula of Atiyah and Bott Q (for isolated fixed points) and of Atiyah and Singer || computes 
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the alternating sum of the characters on the cohomology groups. For holomorphic Morse theory, this (equiv- 
ariant) index theorem is the counterpart of the Hopf (or Lefschetz) formula. When the manifold is compact 
and Kahler and the group is the circle group, Morse-type inequalities were obtained by Wittcn pH] using a 
holomorphic version of supersymmetric quantum mechanics. These (equivariant) holomorphic Morse inequal- 
ities put constraints on the sizes of Dolbeault cohomology groups but do not completely determine them. In 
p9[ , a heat kernel proof was given under the additional assumption that the fixed points are isolated. In fl52| , 
these inequalities were generalized to cases with torus and non-Abelian group actions. Furthermore, it was 



shown that the Kahler assumption was necessary for holomorphic Morse inequalities 52 1 , although not so for 
the fixed-point theorem. In p3| ], these inequalities were proved analytically for compact Kahler manifolds with 
possibly non- isolated fixed points. 

In this paper, we construct the holomorphic counterpart of the instanton complex which computes the Dol- 
beault cohomology groups using the combinatorial data of the group action. At the same time, we investigate 
more closely the condition on the complex manifold for establishing a holomorphic Morse theory. Holomorphic 
Morse theory differs from ordinary Morse theory in a number of ways. If the circle group acts on a compact 
Kahler manifold in a Hamiltonian fashion, the moment map is a perfect Morse function whose critical points 
have even Morse indices only, which can not differ by one. Furthermore, Smale's transversality condition fails 
in general and the gradient paths are never isolated because of the circular symmetry. Consequently, the 
techniques for holomorphic Morse theory will be quite different from those for ordinary Morse theory. 

We start with a complex manifold with a holomorphic action of a (complex) torus. The action of a non- 
compact 1-parameter subgroup is analogous to the gradient flow of a Morse function. The group action is 
meromorphic if, roughly speaking, all such orbits start from and end at some points in the manifold, which 
must be fixed points of the torus. If so, then there is a relation on the connected components of the fixed- 
point set given by the direction of the flows. The central result of this paper is that if this relation is a 
partial ordering, then there are two (equivariant) spectral sequences converging (equivariantly) to the twisted 
Dolbeault cohomology groups and those with compact support, respectively. These spectral sequences will be 
constructed using sheaf-theoretic techniques from a filtration of the complex manifold determined by the group 
action. The spectral sequences, with the natural coboundary maps, are the couterparts in holomorphic Morse 
theory of the instanton complex in ordinary Morse theory. The information of the i^-terms already implies 
the holomorphic Morse inequalities. But unlike ordinary Morse theory, the spectral sequences do not always 
degenerate at E2- When the manifold is compact and Kahler, the partial order condition is automatically 



satisfied. Thus the results of |51j, |3S|, |52] [53| are recovered. 

The rest of the paper is organized as follows. In section 2, we establish some facts about meromorphic 
torus actions on a compact or a suitably non-compact complex manifold. In section 3, we construct two 
spectral sequences converging to Dolbeault cohomology groups and those with compact support, respectively, 
under the partial order condition. In particular, we obtain holomorphic Morse inequalities and fixed-point 
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formulas for a possibly non-compact manifold. We also study the condition under which the spectral sequences 
degenerate to cochain complexes. In section 4, we consider various examples and applications. We first present 
a spectral sequence calculation using the language of Cech cohomology. The application to flag manifolds yields 
a geometric realization of the Bernstein-Gelfand-Gelfand resolution and its generalizations. We also study the 
Dolbeault cohomologies and geometric quantization on non-compact manifolds. 

Throughout this paper, N, M, M ± , C and C x denote the sets of non-negative integers, real numbers, positive 
(negative) real numbers, complex numbers and non-zero complex numbers, respectively. 

2. Holomorphic torus actions 

We first recall from |5^, ^3) some notations of holomorphic torus actions without making the compact or 
Kahler assumption. 

Let T be a complex torus with Lie algebra t. Let Tr be the (real) maximal compact torus subgroup of 
T and tjg = \J — 1 Lie(Tfo). Let £ be the integral lattice in tu, and £* C Ir, the dual lattice. If T = C x , the 
multiplicative group of non-zero complex numbers, then Tr = S , tg, = R, and 1=1. In general, for any 
v £ I — {0}, there is an embedding j v : C x — > T whose image C x is a C x -subgroup of T. 

The ring of formal characters of T is Z[£*] = {q = QZ e ^ \ li G The support of q £ is 

suppg = {£ £ I* | ^ 0}. We say that g > if > for all £,££*. Consider a representation i? of T. 
If every weight £ £ £* of R has a finite multiplicity ff, then the character chari? = X^er r 4 e ^ ^ is 
well-defined. Let suppi? = supp chari?. As in [^9|, [52|], we write 



We emphasize here that the left-hand side is a notation for the formal series in Z[£*] on the right-hand side. 
More generally, if R is a finite dimensional representation of T, we can write 



Let X be a complex manifold of dimension n. Suppose T acts holomorphically and effectively on X. 
The fixed-point set X T of T in X, if non-empty, is a complex submanifold of X. Let i 7, be the set of 
connected components of X T . Then X T = Uae-F^a' wnere IS the component labeled by a £ F. Let 
n a = dime Let N a — > be the (holomorphic) normal bundle of in X. T acts on N a preserving the 
base Xj pointwise. The weights of the isotropy representation on the normal fiber remain constant within 
any connected component. Let Aq,^ £ £* — {0} C t K (1 < k < n — n a ) be the isotropy weights on N a . The 
hyperplanes (\ a ,k) 1 ~ C tjR cut tg into open polyhedral cones called action chambers p4| . Choose an action 
chamber C. Let A^ fc = ±A Qj fc, with the sign chosen so that A^ fc e C*. (Here C* is the dual cone in defined 
by C* = {£ £ t H | (C, C) > 0}.) We define i/^ as the number of weights \ a ,k £ C*. Let be the direct sum 




(2.1) 




(2.2) 
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of the sub-bundles corresponding to the weights X a .k G C* . Then N a = © N~ . is the rank of the 
holomorphic vector bundle N^; that of N~ c is v~ c = n — n a — which is called the polarizing index of 
with respect to C . 

In subsection 2.1, we will consider holomorphic torus actions on compact manifolds; a non-compact setting 
will be studied in subsection 2.2. 

2.1 Meromorphic torus actions on compact manifolds 

Throughout this subsection, X is a compact complex manifold with a holomorphic action of the torus T. 
Then F is a finite set and each component X^ (a € F) is compact. 

Definition 2.1 A holomorphic T-action on X is meromorphic if for any x G X and any v G I — {0}, the limit 
ir v (x) = lim„^o jv(u)x exists. 

If T = C x , the action is meromorphic if and only if for any x G X, the limits ir + (x) = lim u —>aux 
7r~(x) = rim u _>oo exist. In this case, the holomorphic map C x x X — > X can be extended to a meromorphic 
map P'xI^I 

Proposition 2.2 // the T-action on X is meromorphic, then 

1. for any v G I — \} a ^F \<k<n— n {^a,k) > the fixed-point set of C* coincides with X T ; 

2. for any x G X and action chamber C , the limit ~k v (x) for v G I fl C depends only on C and not on the 
choice of v. 

Proof. 1. Let X' be a connected component of the fixed-point set of C*. Then X' n X T is a closed subset 
of X' . For any x G X' n X T , let be the component of X T that contains x. Since the T-action is effective 
and \ a ,k(v) ^ for any < k < n — n a , we have dimXj = dimX 1 . Therefore X' n X T is also an open 
subset of X' . Finally choose v\, . . . , i> r -i G I (r = dime T) such that {u, t>i, . . . , w r _i} is a basis of Ir. Pick 
any x' G X' . Since the T-action is meromorphic, the iterated limit x = ir Vl Tr V2 ■ ■ ■ir Vr - 1 (x') exists. It is clear 
that x G X' n X T . So rnl T / 0. Consequently I'nl T = I' - X%. 

2. From part 1, we have y = ^(x) G X^ for some a G F. By [jl?], Proposition I], there is a TR-invariant 
neighborhood W y oiy in iV Q and a T-equivariant holomorphic embedding ip y : W y — > X. Let X^ = (7r 1 ') _1 (Xj). 
Then from the linear T-action on iV Q) we get X£ n ip y (W y ) = ^ V (N^ n W„). Hence X^ = Tip v (Ng n W„); 
this depends only on C and not on the choice of v. □ 

We denote ir v (x) by 7r c (x) when uelnC. 

Remark 2.3 1. If X is a compact Kahler manifold and X T ^ 0, then the TR-action is Hamiltonian [E5|. 
Let — > be a moment map. For v G £ — {0}, the 1-parameter subgroup {j«(e*) 1 1 G K} generates the 
gradient flows of (//, w), along which its value strictly decreases. Therefore the limit ir v (x) for any x G X exists 
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and the T-action is meromorphic. 

2. A holomorphic action on A may not be meromorphic even if A is compact and Kahler. For example, let 
Z act on C - {0} by k: z i-> 2 k z (k E Z, z e C - {0}) and let X = (C - {0})/Z be the quotient. Then the 
standard multiplication of C x on C — {0} induces a holomorphic action on X which has no fixed points and 
hence is not meromorphic. 

In order to capture the topology of X by the fixed-point information, it is necessary to assume that the 
T-action is meromorphic. If so, then X has a cell decomposition according to the connected components of 
X T that tt maps to. 

Definition 2.4 Suppose the T-action on X is meromorphic. Set X£ — (7r c ) _1 (Aj). Then 

X = (J X% (2.3) 

is called the Bialynicki-Birula decomposition with respect to C. 

Consider the case T = C x . If the C x -action is meromorphic, set X^ = (tt ± )^ 1 (X^). The decompositions 
X = {J aeF Xa are called the plus (minus) decompositions, respectively. For example, X = P 1 is the union 
of C (with the standard multiplication of C x ) and {oo}. The fixed-point set is X T = {0,oo}. We have 
X£ = X - {oo}, A+ = {oo} and X^ = {0}, X x = X - {0}. Both decompositions 1 = 1^1* consist of 
a 0-cell and a 2-cell. 

The cells X^ are T-invariant. If the transversality condition is satisfied, then the decomposition (ED3) is a 
stratification Js|, Theorem 5]. In general, this is not true even when X is Kahler. An example is the Hirzebruch 
surface (the blow-up of P 2 at one point) |^|, Example 1]. 

Definition 2.5 For a, /3 € F, we write a — ► /3 if there is x € X such that it c (x) G Aj and tt~ c (x) € XT. We 
write a -< (3 if either a = (3 or there is a chain from a to f3, i.e., a finite sequence cto = a, a±, . . . , a r _i, a r = /3 
in F such that aj_i — > a.% for all 1 < i < r (r > 0). Such a chain is called a quasicycle of length r if a = /3. 

Obviously, the relation ~< on F depends on the choice of C. 

Remark 2.6 Results on meromorphic C x -actions |l9j generalize straightforwardly to meromorphic T-actions. 
It is easy to see that the following statements are equivalent: 

1. (F, -<) is a partially ordered set; 

2. There is no quasicycle in (F, -<); 

3. There is a strictly decreasing function on (F, -<), i.e., a function f:F —>M satisfying f(a) > /(/?) if a -< j3 
and a 7^ (3. 

Consequently, (F, -<) is a partially ordered set if one of the following is true: 
1. A is Kahler; 
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2. v% > if a -< (3 and a ^ (3; 

3. The Bialynicki-Birula decomposition is a stratification. 

In each of the above cases, the moment map (projected along some direction in C), v. , and dimcX c ', 
respectively, provides a strictly decreasing function on (F, -<). 



Example 2.7 Jurkiewicz [^2| constructed a smooth compact toric 3-manifold with a meromorphic T 3 -action 
that has 22 isolated fixed points. Choosing an appropriate action chamber, there is a quasicycle of length 6 
p2| . Therefore (F, -<) is not a partially ordered set. In |32], § 4], it is shown that there exists a T 3 -equivariant 
holomorphic line bundle such that the holomorphic Morse inequalities fail. This shows that the holomorphic 
Morse inequalities are not valid on an arbitrary complex manifold fl52"[ , though the fixed-point theorems in 
|^|, [| requires no further assumptions. In section 3, we construct the analog of the instanton complex in 
holomorphic Morse theory when (F, -<) is a partially ordered set. The existence of such a construction implies 
the holomorphic Morse inequalities. Moreover, the partial order condition is weaker than the Kahler condition. 



Definition 2.8 Suppose X has a C- meromorphic T-action. The Bialynicki-Birula decomposition with respect 
to C is filterable if there is a descending sequence of T-invariant subvarieties 

X = Z Q D Z x D ■ ■ ■ D Z m D Z m+1 = (2.4) 

such that for all < p < m, Z p — Z p+ i = [J aeF X^ for a subset F p C F such that neither a -< (3 nor (3 -< a 
\ia^l3eF p . 

Notice that we allow Z p — Z p+ i to be a union of cells labeled by elements in F unrelated by -<. In & 
Definition 2], Z p — Z p +\ is required to be a single cell. Since X%f)X% ^ implies a -< /3 @ Lemma 1], 
the two notions are equivalent. Notice that the function a i— > p(a) where a € Fpta) is strictly increasing on 



Alternatively, (2.4) can be written as 

X = V D Vi D ■ ■ ■ D V m D V m+ i = 0, (2.5) 

where V p = X — Z rn+ i- p (0 < q < m + 1) are open sets in X such that V p — V p +\ = Z m _ p — Z m _ p+ i = 

UaeF m _ p *S for < p < m. 

We return to the simple example X — P 1 with two fixed points 0, oo under the meromorphic C x -action. Let 
Z = V = X, Z x - {oo}, Vi = X-{oo}, Z 2 = V 2 = 0, then Z -Z 1 - V x -V 2 - X+, Z x -Z 2 - V -Vi - X+. 
So the plus decomposition of X — P 1 is filterable. For the same reason, so is the minus decomposition. 

Proposition 2.9 (fly]) Consider a meromorphic T-action on X. Then the Bialynicki-Birula decomposition 



(2.3) is filterable if and only if (F, -<) is a partially ordered set. If so, then 



G 



1. The projection tt c :X^ — > X T is a T-equivariant holomorphic fibration and the fiber (n c )^ 1 (x) over any 
x G X T is T-equivariantly isomorphic to (N^) x ; 

2. There is a T-equivariant isomorphism TX^\x T — © °f holomorphic vector bundles over X^; 

3. The closure X£ in X is analytic and contains X^ as a Zariski open set. Consequently, X^ is locally closed 
in X . 



Proof. If T = C , the necessary and sufficient condition for ( |2.3| ) to be filterable was proved in p9| . 
Properties 1 and 2 follow from the arguments of (lj] . Property 3 follows from the arguments in Jl8], § lib] , 
where the Kahler assumption was not made. The generalization to a higher rank torus T is straightforward. 
□ 



The three properties of Proposition 2.9 were shown to be valid when X is a Kahler manifold @ HI, H H 



or a complete normal algebraic variety 0, | Hi, prior to the work of fOJ. Without any of these assumptions, 



one or more of the properties in Proposition 2.9 could fail 14 



Example 2.7 was originally constructed to provide a non- filterable Bialynicki-Birula decomposition p2\ 



Remark 2.10 The restriction of ir c to X^ — X T may be discontinuous and the image ir (X~[ — X^) 
may fall into more than one connected components of X T . For example, let X = P 1 x P 1 with the diagonal 
C x -action. Then X T = {0, oo} x {0,oo} and X+ = C x C. We have ^({0} X (C - {0})) = (0,oo), 
7r"((C - {0}) x {0}) = (oo, 0), and 7T"((C - {0}) x (C - {0})) = (oo, oo). The reason is that the holomorphic 
embedding X^ — » X extend only meromorphically at infinity [fL8|, Lemma 2], where it can be discontinuous. 



Notice that despite of part 2 of Proposition 2.9, a tubular neighborhood of X T in X£ can not be identified 
holomorphically with that in N% in general jTjJ. There is an infinite series of obstruction to this [^8], p2| . 
However, an identification is possible locally on X^ ■ Consider a holomorphic vector bundle E over X on which 
the T-action lifts holomorphically. For future applications, we also put E into a standard local form. 

Lemma 2.11 For any x € X T , there is a neighborhood U x of x in X T , a T^-invariant open set W x in N a 
containing N^\x/ X o,s a closed subset, and a T-equivariant holomorphic embedding ip x :W x — > X such that 
^x{N^\u x ) = ( 7tC )~ 1 (U x ) C X~[ • Moreover, tp x can be lifted to a T-equivariant isomorphism i/j x : W x x E x — > 
^\ip^(W c ) of holomorphic vector bundles. 

Proof. As in the proof of |L7], Proposition I] , there is a neighborhood U x of x in X J , a TR-invariant open set W x 
in N a containing U x , and a T-equivariant holomorphic embedding i/j x : W x — > X such that ip x {N„ C\W X ) C X£ ■ 
Pick any v € fflC. Let W x — Ut>o i^( e *) W x is a TR-invariant open set in N a . Moreover, for 

any y S AT„ 1^, we have w (y) € J7 X , hence there exists t > such that jv{e~ l )y € W x , i.e., y S Wp . 
So Wp contains iVpl^. We extend ip x from W x to Wp by t^ x {j v (e. t )y) = jv(e t )ipx(y) for y € and 
i > 0. Clearly, the extension is well-defined, T-equivariant and holomorphic. Next, there is a holomorphic 



isomorphism ip x :W x x E x — > i?!^ of vector bundles, perhaps on a smaller neighborhood W x . By |17 
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Lemma I], ip x can be made Tj-equivariant (hence T-equivariant). We extend ip x to W x xE x by 4'x{jv{e t )y, £) — 
jvie^ipxiy, jv{&~ t )0 for y G W x , £ G E x and t > 0. The extension is again well-defined and is a T-equivariant 
holomorphic isomorphism of vector bundles. □ 

2.2 A non-compact setting 

In this subsection, we consider a class of non-compact complex manifolds with holomorphic torus actions. 
We hope that this class is broad enough to include many interesting examples. 

Let X be a (possibly non-compact) complex manifold with a holomorphic action of the torus T. 

Definition 2.12 Let C be an action chamber. The T-action on X is C -meromorphic if 

1. for any xeX,ve£P\C, the limit tt v (x) exists; 

2. there is a compact complex orbifold X with a meromorphic T-action and a T-equivariant holomorphic 
embedding of X onto a Zariski open set of X. 

The simplest example is X — C with the standard multiplication by C x . The action is plus- meromorphic 
and X has a compactification X = P 1 . The plus-decomposition is X = X^ (a single 2-cell) and there is no 
minus-decomposition. 

Remark 2.13 Consider a C- meromorphic T-action on X. We identify X with its image in X. 



1. By Proposition 2.2, which applies to the non-compact setting here, the limit tt v (x) (x € X) does not depend 
on the choice of v £ £ n C and is therefore denoted by n (x). Moreover ir c (x) S X T . Because X is embedded 
into a compact space X, the set F of connected components of X T is finite and each component Xj (a € F) 
is compact. We have the Bialynicki-Birula decomposition ( |2.3| ) with respect to C. The action chamber C of 
X may be divided into several action chambers of X; let C be one of such. Then we have X^ — X^ for any 
a E F. For x E X , the limit 7r~ c (x) exists in X but may fall into X — X. Therefore tt~ c (x) is in general not 
defined in X. 

2. As in the compact situation, there is a relation -< on F. If (F,-<) is a partially ordered set, then the 



properties of Proposition 2^ for X are satisfied. In particular, X£ = X§ n X is a closed subvariety in X 
that contains = X^ as a Zariski open set. Furthermore, the Bialynicki-Birula decomposition of X with 



respect to C is filterable and we have nitrations of X by closed subsets (2.4) and by open subsets (2.5). 

3. If E is a holomorphic vector bundle over X on which the T-action lifts holomorphically, Lemma 2.11 also 

holds. 



Assumption 2.14 There exists an action chamber C such that the T-action on X is C-meromorphic and 
the set (F, -<) is partially ordered. 
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In section 3, we will establish holomorphic Morse theory on a (possibly non-compact) complex manifolds 



satisfying Assumption 2.14. An immediate way of obtaining such non-compact manifolds comes from Def- 
inition [2.12 . We start with a compact complex manifold A with a meromorphic T-action. Suppose the 
Bialynicki-Birula decomposition of A with respect to an action chamber C is filterable and is filtered by the 
closed sets 

X = Zq D Zi D ■ ■ ■ D Zfn D Z„ l+1 = 0. (2.6) 

Pick any m such that < m < to — 1 and let X = X — Z m +i- T acts holomorphically on X. Let C be the 
action chamber that contains C . Then the T-action on X is C-meromorphic. Moreover the Bialynicki-Birula 
decomposition of X with respect to C has a filtration ( |2.4| ) by closed subsets Z p = Z p — Z m +\ (0 < p < to+ 1) 
of X. The simple example X = C falls into this category, with X = F . 

More interestingly, the non-compact setting here is a complex analog of the symplectic setting considered in 
J43], Q , which we now recall. Let (X, lo) be a (possibly non-compact) symplectic manifold with a Hamiltonian 
action of the compact torus Tr, with a moment map /x: X — > tjj. The fixed-point set X T of the torus Tr is a 
symplectic submanifold of X. Let F be the set of connected components of X T . 



Assumption 2.15 ([|44j, Assumption 1.3]) There is v £ Ir such that (fj,, v) : X — ► K is proper and not surjective 
and F is a (non-empty) finite set. 

If in addition (X, u>) is Kahler and the Tr- action preserves the complex structure on X, then there is a 
holomorphic T-action on X. 

Proposition 2.16 Let (X,u) be a Kahler manifold with a holomorphic T-action. Suppose that the T^-action 
is Hamiltonian. Then Assumption 2.1!\ implies Assumption 2.14- 



Proof. By [[l4| Proposition 1.6], there is an action chamber C such that for any seC, the function (fi,v) 
on X is proper and bounded from above. Therefore if v € £ n C, the limit tv v (x) exists for any x G X. 
Pick any v E I PI C. Since F is finite, there is a 6 K such that (/i(X T ),v) > a. We construct a symplectic 
cut X> a H). Let C x act on X x C by u:(x,z) h-> (j„(u)a;, us). The action of S 1 C C x on X x C is 
Hamiltonian with a moment map fl(x,z) = (/i(x),v) — a — \\z\ 2 . ft is a proper function on X x C and 
is a regular value. The symplectic quotient X> a = fi~ 1 (0)/S 1 is a compact symplectic orbifold with a 
Hamiltonian TR-action. Since X is Kahler, X> a = (X x C) s /C x holomorphically and is also Kahler |2^]. Here 
(A x C) s = {(x, z) e X x C I C x (x, z) n A _1 (°) 7^ 0} is tri e stable subset of X x C. We want to construct 
a T-equivariant holomorphic embedding X — > A> a . Clearly, fj(u(x, 1)) = (n(j v (u)x),v) — a — ^\u\ 2 , where 
it € C x and x E X. For any a; S X, since ^"(x) S X T , \im u ^o fj,(u(x, 1)) = (^(^"(x)), u) — a > 0. On the 
other hand, since (/i, v) is bounded from above, liniu^oo jl(u(x, 1)) = —00. Therefore there is m € C x such that 
fi(u(x, 1)) = 0. Hence X x {1} C (A x C) s . The composition A -> A x {1} c (X x C) s A> a of the inclusion 
and the quotient is a T-equivariant holomorphic embedding. The image is X >a = (A x (C — {0}))/C x . Since 
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X> a — X >a = (X x {0}) S /C X = fi 1 (a)/S' 1 is a complex subvariety of X> a , X is embedded as a Zariski open 
set. Using the moment map (fi,v), it is easy to show that (F, -<) is a partially ordered set. □ 

3. Equivariant spectral sequences in holomorphic Morse theory 

We consider a holomorphic T-action on a (possibly non-compact) complex manifold X. F is the set of 



connected components of the fixed-point set X T . Throughout this section, we make Assumption 2.14 . Then 



the Bialynicki-Birula decomposition is filterable, with descending sequences of closed sets fl2.4|) and open sets 



(2.5) in X. Let E be a holomorphic vector bundle over X on which the T-action lifts holomorphically. We 
want to determine the Dolbeault cohomology groups H* (X, O(E)) (with compact support) and H* (X, 0(E)) 
as representations of T . 

Definition 3.1 A (cohomological) spectral sequence {Ef q , d? 9 } is T '-equivariant if the spaces Ef are repre- 
sentations of T and the coboundary maps d^ q :E^ q — ► E^ +r ' q ~ r+l are T-equi variant. The spectral sequence 
converges T-equivariantly to the representations H* if the spaces are the graded components of H* as 
representations of T. 

3.1 Spectral sequence for cohomologies with compact support 

In this subsection, we construct a spectral sequence converging to the Dolbeault cohomology groups 
H*(X,0(E)) with compact support. 

Recall that if A C X is a locally closed subset, then for any sheaf T on X, there is a unique sheaf on X, 
denoted by Ta, such that the restrictions Ta\a — T\a and T\x-A = 0. Moreover, Ta exists for any sheaf J 7 



only if A is locally closed [|27|, Theoreme II. 2. 9.1]. Let — > T — > C*{T) be the canonical resolution of T 27 
§11.4.3]. It is easy to see that — * Ta — ¥ C*(T)a is a flabby resolution of Ta- Finally, if A is an open subset, 
then Ta is a subsheaf of T . 

For simplicity, we denote the sheaf 0(E) by T from now on. If A is a T-invariant locally closed subset of 
X, then T acts on the sheaf Ta and hence on the cohomology groups H*(X,Ta)- 



Lemma 3.2 Under Assumption 2.14, there is a T '-equivariant spectral sequence with 

E^ = HP+ q (X,T Vp -v P+1 ) (3.1) 
that converges T-equivariantly to H*{X,T). 



Proof. From (2.5), we have a filtration of T by subsheaves 

T = T Vo D T Vl D ■ ■ ■ D T Vm D T Vm+1 = (3.2) 
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and hence a filtration of the cochain complex r c {C*(T)) by 

r c (c*(T)) = r c {c*(T) Va ) d r c (c*(f) Vl ) d ■■■ d r c {c*{r) Vm ) d r c (c*(T) Vm+1 ) = o. (3.3) 

This induces a spectral sequence that converges to H*(r(C*(!F))) = H*(X,T) : with 

E%> = r c {C^{T) Vp )/r c (C^{T)v v+1 ) = r c (C^(T) Vp . Vp+1 ). (3.4) 
Since the maps d^ q : Eg q — ► E^ q+1 are induced by the resolution, we get 

ET = H^{r c {C*{T) Vp ^ Vp+1 )) = HZ+*{X^ Vp _ Vp+1 ). (3.5) 

All the steps are T-equi variant. □ 
Lemma 3.3 

H* c {X,F Vp _ Vp+1 ) = H* c {x2,T\ x c) (3.6) 

as representations of T. 

Proof. Since X£ n X^ 7 = for any a^/3£ F m ^ p , we have .TVp-Vp+i = ae F m _ an d hence 

i? c *(X,^y p _v p+1 )= Ht(X,F x a). (3.7) 

QGF m _ p 

The support of .Fxc is contained in the closed subvariety Therefore we have |27], Theorem II. 4. 9.1] 

H*(X,T x c) = HZ(Xg,F x a). (3.8) 
Since — is a closed subset in and T x o |^c_ x c — 0, we deduce from J27| Theorem II. 4. 10.1] that 

H* c (XS,T\ x c) = H* c (Xg,T x c). (3.9) 



The result follows from (|3.7|) , (j3.8| ) and (gj). □ 

Recall that 7r c : — » X^ is a holomorphic fibration with fiber C" 01 . The sheaf T\ x c is on the total space 
X£ ■ To calculate the right hand side of ( |3.6| ), we need another spectral sequence. 

We consider a general fibration n: Y — > £? over a compact base i? with possibly non-compact fibers. For the 
time being, let J 7 be an arbitrary sheaf on the total space Y . The cohomology groups with compact support 
are H£(Y,J-) = H q {r$(Y,C* '(J 7 ))) (q > 0), where <P is a family of supports that consists of the compact 
subsets of Y. Let A, C* be the sheaves on B defined by the presheaves A(U) = r^^-i^u^n^ 1 ^), J-), 
C*(U) = r <Pn i r -i iu) (Tr- 1 (U)X*(F)), respectively, where U is any open subset of B. Then — > A — > C* is 
a differential sheaf in the sence of ]27l §11.4.1]. Let H. q {Y,T) (q > 0) be the sheaves on B defined by the 
presheaves Hl{Y,T){U) = H q {C*(U)), for any open subset U C B. 
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Lemma 3.4 1. At b e B, the stalk ofTil{Y : T) for any q > is 

W c (Y,f) b ^H«(Y b ,f\ Yb ). (3.10) 

2. There is a spectral sequence with 

Ef = H p (B,H q c {Y,T)) (3.11) 

that converges to H* (Y, T) . 

Proof. 1. This the analog of (2?j, Remarque II.4.17.1] for cohomologies with compact support. First, 
W(Y,F) b = lim W(Y,T)(U) = lim H% n _ 1 , rn ( 7 r- 1 (;/), F). By [p7l Theorem II.3.3.1], any section s e 

>U3b >U3b ( ' 

r(Y b ,C*(!F)\Y b ) can be extended to a neighborhood of Y b in Y. If suppsG $C\Y b , then the neighborhood can be 
chosen as Tt~ 1 {U) for some open set U C B. Therefore lim H^ n7r _ 1 , u ,(ir~ 1 (U),J 7 ) = lim iJ| nV (V, T). 

>U3b >VDY b 

Following the proof of M, Theorem II.4.11.1], we get lim H% nV {V,T) = H*{Y b ,F\ Yh ). 

>VDY b 

2. It is clear that C* are flabby sheaves. By j27], Theorem II.4.6.1], associated to the differential sheaf 



— > A — > C* there is a spectral sequence with (3.11) that converges to H*(r(C*)). By the definition of £*, 



r{B,C) = r c {Y,C*{T)). The result follows. □ 

Lemma 3.5 Let R be a representation of T with dime R — n and let A, A 1 - be T -invariant subspaces of R 
such that dime A — v and R = A® A 1 - . Let Eq be a representation of T and E, the trivial holomorphic vector 
bundle over V with fiber Eq. Then, as representations of T , 

[ S(A ± *)xS(A)®A u (A)®E , ifq = v, 
H*(A,0(E)\ a )=H*(R,0(E)a)=< (3.12) 

[ 0, ifo + v- 

Proof. It suffices to prove the case when Eq = C is a trivial representation. If A = {0}, then 

f S(R*), if q = 0, 

H« (R,O {0} ) = H« (R,O {0} ) = { (3.13) 

[ 0, if q ^ 0. 

If A = R, then (see |36| for an analytic version) 

f S(R)<E>A n (R), if q = n, 
H*(R,0) = < (3.14) 
[ 0, ifq^n. 

The general case is a consequence of the Kimneth formula. □ 

We now return to the situation of T — O(E). 

Lemma 3.6 

H*(XZ,T\ x o) = H«- v °{XZ,0{S{{N- c Y) ® S{N°) ® A"- (iVf ) ® 25| X t)) (3.15) 
as representations of T . 
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Proof. Consider the holomorphic fibration ir c :X^ — > X T with fiber C° and the sheaf T\xc on . 
For any x £ Xj, we want to find the stalk TC q (N c ,J 7 ) X , which depends only on an open neighborhood of 
(tt c )^ 1 (x) C X% in X. By Lemma |2.11|, we can replace X% c X by AT^V,, C N a \u x and £ by a trivial 



vector bundle with fiber E x . Moreover there is a T-equivariant isomorphism (N a , N^)\u x = U x x (N X ,N^ 



By Lemma 3.4 



1 and Lemma 3.5 



H q (N c ,F) x = H q {N^O{W^E x )\ N c) 



0{S{{N- c )*) ® S(JV£) «l A"* (ATf) ® E^x),, if g = i£, 
0, if q ? vg. 



(3.16) 



□ 



So the spectral sequence of Lemma [3^.2 degenerates at E 2 and the result follows. 

Though the bundle S((N~ C )*)® S{N% )® A^° (iVf )«>S| x t over X T is infinite dimensional, its sub-bundle 
of any given weight is of finite rank. Therefore each weight has a finite multiplicity in the cohomology groups 



(3.15), and their formal characters in Z[£*] exist. 



Theorem 3.7 Let X be a complex manifold with a holomorphic T-action satisfying Assumption 2.14- Let E 
be a holomorphic vector bundle over X on which the T-action lifts holomorphically. Then 
1. there is a T-equivariant spectral sequence converging T-equivariantly to H*(X,0(E)) with 



ET = HV + i-^{X T al O{S{{N~ c y) ® 5(JVf ) ® A"» ® EUx)); 



2. £/iere is a character valued polynomial (t) > sucft iftai 

]T ^ £^char^(^,G(5((7V- c )*) ® S«) g, A "« ® £| x x)) 

qGF q=0 
n 

= J2 t q char H2{X,0{E)) + (l + t)QC{t)- 

9=0 



(3.17) 



(3.18) 



E\ x t ® det(JVf ) 



(iV^ G )*)®det(l- A^) 



td(Xj), (3.19) 



where chr and td stand for the equivariant Chern character and the Todd class, respectively. 



Proof. 1. The result follows from Lemma |3.2| , Lemma 3.3 and Lemma 3.6. 
2. Since is the cohomology of (EP q ,dP q ), we have 

t p+q ch&r EP q =^> +< Zchar£^. 1 + (l + t)Q r (t) (3.20) 

for a character valued polynomial Q r (t) > 0. Using ( |3.20 ) recursively, we get ( 3.1 8| ) with Q^(t) = J2 r >i Qr(t) > 
0. 
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3. By setting t = — 1 in (3.18) and using 



ch / E\ x t g det(7V a c ) 

vl C T I det(l - {Na C )*) ® det(l - JV£) 



we obtain (3.1£). See fcl Remark 2.3.2]. 



Corollary 3.8 If in addition X T is discrete {and is identified with F), then 

1. there is a T-equivariant spectral sequence converging T-equivariantly to H*(X,0(E)) with 

e pi = S((N-°)*) <g> S(N?) <8> A"- (JVf ) ® 2?,. 

x£F, —p-\-q 

2. there is a character valued polynomial (t) > such that 

»^x,k _ 1 



char^ J] Y 



n r 



(3.21) 



□ 



(3.22) 



E t q cbiuH*{X, £>(£)) + (1 + t)Qc (*); ( 3 - 23 ) 



^(-l)«char^(X,0(£;)) = ^(-ir<»charS :c J] - 



(3.24) 



Remark 3.9 1. If X is compact, then H*(X,0(E)) = H*(X,0(E)), and the right-hand sides of fl3.19Q and 

/ E\ x t \ „ ,„ti, , x-^ char^x 



(3.24) are often written as 

E I ch T 



a£F 



AT 



Vdet(l-AT*) 



td(X^ 



and 



E 



nLi(i 



(3.25) 



respectively. In this case, parts 3 of Theorem 3.7 and Corollary p.8| are the fixed-point theorems of [f3|, |2|, 
which do not require -< to be a partial ordering. Here X can be non-compact. We obtain a fixed-point 
theorem for Dolbeault cohomology groups with compact support under the partial order condition. When X 
is compact and Kahler, parts 2 are the results of |3l| KM p2, R3|. Parts 1 strengthen these results under a 



weaker condition, namely, Assumption 2.14. In particular, all the weights of T in H*{X, 0{E)) are of finite 
multiplicity. It would be interesting to have an independent analytic proof of the results in parts 2 when X is a 
non-compact Kahler manifold satisfying Assumption 2.15. They are the discrete versions of @ Theorem 3.2]. 



2. The coboundary maps {d^. q } in the spectral sequence in Theorem 3/7 or Corollary 3^8 are the holomorphic 
counterparts of the instanton tunneling operators in [^o| . Through this spectral sequence, the cohomology 
groups H*(X,0(E)) are completely determined by the combinatorial data of the T-action on X. However 
unlike the real case, the spectral sequence of holomorphic Morse theory does not always degenerate at E2 . A 
sufficient condition for degeneracy at E% is 



E\ q = for all q ^ 0. 



(3.26) 
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If so, then the spectral sequence reduces to a cochain complex {E^ , d* }, whose cohomology is = 
H*(X, O(E)). This would be exactly like the Thom-Smale-Witten complex pp[. For example, if X T = F is 



discrete, to = rt in (|2.5|), and F p = {x € F | c = p} for < p < n, then ( 3.26 ) is satisfied 



3.2 Spectral sequence with local cohomology groups 

In this subsection, we construct an alternative spectral sequence converging to the Dolbcault cohomology 
groups H*{X,0{E)). 

For any locally closed subset A C X, let r A be the functor which associates every sheaf T an Abelian 
group F A (F) — {s €z r(J-) | supps C A}. Recall that the local cohomology groups H A (q > 0) are the derived 
functors of r A , i.e., H A (X,F) ~ H q (r A (C* (F))). The sheaves of local cohomology TL q A (F) with supports in A 
are the sheaves associated to the presheaves U i— > Hjj nA (U, F), where U is any open subset of X. (We refer the 
reader to f| chap. II] and @ § 7-10] for details.) For any closed subset A' of A, let .TU/A'GF) = r A (F)/ T A >{T). 
If J 7 is flabby, then r A / A i(F) — r A ^ A /(F) |3^, Lemma 7.3]. The derived functors of T A i A i are denoted by 
^A/A'- We nave -^a/A'C^ 7 ) = H A _ A >(J-) for any sheaf T. Let TC 9 A ^ A ,(F) be the sheaves associated to the 
presheaves U i— > H^j nA ^ UnA ,(U,F), where {J is any open subset of X. 

Again, we denote O(-E') by F from now on. If A is T-invariant, then H A (X, F) (q > 0) are representations 
of T. 



Lemma 3.10 Under Assumption 2.14, there is a T-equivariant spectral sequence with 



El" = H z +l Zp jX,F) = H$?(X,f) (3.27) 



that converges T-equivariantly to H*(X,F). 



Proof. From (2.4), we have a filtration of the cochain complex 

r(c*{T)) = r Zo (c*(F)) d r Zl (c*(F)) d ■■■ d r Zm (c*(F)) d r Zm+1 (c*(F)) = o. (3.28) 

This induces a spectral sequence that converging to H * (X, F) with 

e™ = r Zp (c^(F))/r Zp+1 (c^(F)) = r Zp _ Zp+1 {cv + o{T)). (3.29) 

Therefore 

ET = H^l Zp+i (C*(T)) = H z +l Zp+i (X,T). (3.30) 

(See for example Theorem 1.1]; the proof is included here for completeness.) Since Z p — Z p+ \ = [J aeF X^ 
and X£n X° = for a £ (3 e F p , we have r Zp - Zp+1 (C* (F)) = ® aeFp r x c(C*(F)). Hence 

H* Zv . Zp+1 {X,F) = H* x c(X,F). (3.31) 

aeF„ 
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□ 

Similar to the study of cohomology with compact support, we consider a general fibration tt: Y — > B. 
Suppose for the time being that X is any topological space containing Y as a locally closed subset and that 
T is any sheaf on X. We want to compute the local cohomology groups H Y (X,!F) (q > 0). Let A, C* be 
the sheaves on B defined by the presheaves A(U) = r^-im^X^J 7 ), C*(U) = r n -i^(X,C* (J 7 )), respectively, 
where U is any open subset of B. Then — > A —> C* is a differential sheaf in the sence of j27], §11.4.1]. Let 
Tt Y (X, J 7 ) (q > 0) be the sheaves on B defined by the presheaves 7i Y (X, J 7 ) (U) = H q (C*(U)), for any open 
subset U C B. 



Lemma 3.11 1. At b € B, the stalk o/Hy(Jf,f) for any q > is 



2. There is a spectral sequence with 



that converges to H Y (X, T) . 



H q Y (X,T) b ^H Yb (X,T). 
E vq = HP(B,H Y {X,F)) 



(3.32) 



(3.33) 



Proof. 1. This is the analog of Lemma |3J.l. We have Tt Y (X, T) b = lim H q _ 1(u JX,J r ) = H Y (X,J r ); 

>U3b ^ ' 

the second equality follows from Hc/gb^ -1 ^) = ^b- 

2. It is clear that C* are flabby sheaves and that r(B,C*) = r Y (X , C* (J 7 )) . The rest of the proof is identical 



to that of Lemma 



□ 



Lemma 3.12 Under the conditions of Lemma 3.5, we have 



H\{R,0(E)) 



S(A*) ® SiA^ <g> A n ~ u (A ± ) ®E a , ifq = n-v, 
0, if q^n-v. 



(3.34) 



Proof. As in the proof of Lemma 3.5, the general result follows from 



H\ 0} {R,O) 



S(R)®A n (R), ifg = n, 



0. 



if q ^ n 



and 



H q (R,Q) = 



S(R* 
0. 



if q = 0, 
if q ? 0. 



See also [33, Proposition 11.9(e)]. 

We now return to the situation of T = 0(E). 

Lemma 3.13 

H q x0 (X, T) = H"+^ +n '~ n {Xl, G{S{{N%)*) ® S{N~ C ) ® /\ n ~ n "~ 1 '™ 



(3.35) 



(3.36) 



□ 



(N-°)®E\ x t)) 



(3.37) 



as representations of T . 



16 



Proof. Consider the fibration tt c :X^ — > X£, For any x £ X^, we want to find the stalk 1~L q x c (X, T) x , 
which by excision ^ §11.1, Lemma 1.1] depends only on an open neighborhood of (tt c )^ 1 (x) C X^ in X. 
By Lemma 2.11, we can replace X% C X by N^\u x C N^u^ and E by a trivial vector bundle with fiber 



E x . Moreover there is a T-equivariant isomorphism (N a , N% )\u x — U x x [N X ,N^). By Lemma 3.11.1 and 



Lemma 3.12, 



H% c (X, T) x = H%a (W^ , 0{W^ , E x )) 

0(S((NSY) ® S(N~ C ) ® A"-"«-^(AT- c ) <g) E| x x), if 9 = n - n a - i£, 
0, ifg^n-n Q -^. 



(3.38) 



So the spectral sequence of Lemma 3.11.2 degenerates at E 2 and the result follows. 



Theorem 3.14 Under the conditions of Theorem 3.1, 

1. there is a T-equivariant spectral sequence converging T-equivariantly to H*(X,0(E)) with 
E T = HP+i+^+ n «- n {X T , 0(S({NC)*) ® S(N~ C ) ® A"-"--"- (^- c ) ® 



2. £/iere is a character valued polynomial Q c (t) > sucft £/ia£ 



n—n a — h' rv (at—C 



{n-^)®e\ x t)) 



□ 



(3.39) 



53 ** char £)(£)) + (1 + i)Q C (*); 

9 =o 



(3.40) 



^2(-l) g char H g (X,0(E)) = 53 (-l) n ~ n "~' / - 

9=0 aEF 



chi 



E\ x t <g> det(iV-' 



AT 



det(l- (JV£)*)®det(l- JVa°) 



td(Xj). 



(3.41) 



Proof. Part 1 follows from Lemma 3.10 and Lemma 3. IS. Parts 2 and 3 are proved in the same way as in 



Theorem 3.7. 



□ 



Corollary 3.15 Under the conditions of Corollary 3.t, 

1. there is a T-equivariant spectral sequence converging T-equivariantly to H*(X,0(E)) with 

Ef g = S((N X )*) ® S(N~°) ® A n ~ v * (N~ G ) ® E x . (3.42) 

l£F, vC=n— p— 9 

2. f/iere is a character valued polynomial Q c (t) > smc/i £/ia£ 

i A ft n 

53 e~ v ° char (£ a ) J] i - J] i e _ ^ - = 53 1« char ff«(X, O(S)) + (1 + t)Q c (t); (3.43) 



9=0 



53(-l)«char^(^0(^)) = E(- 1 )"^ achar (^) II IT— ATI II J 



(3.44) 



9=0 



A*, fc eC* 



A x ,fc£ — 
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Remark 3.16 1. The same observations in Remark ^9.1 apply to Theorem [3.14 and Corollary 3.15 . In 
particular, all the weights of T in H*(X,0(E)) are also of finite multiplicities. When X is non-compact, 
the Dolbeault cohomology groups are different from those with compact support. Therefore the results of 



Theorem 3.7 and Theorem 3.14 are not the same. Again, it would be interesting to have an independent 



analytic proof of parts 2 of Theorem 3.14 and Corollary 3.15 when X is a non-compact Kahler manifold 
satisfying Assumption 2 . 1 5| . When X is compact, Theorem |3.7| is identical to Theorem 3.14 with an opposite 
action chamber. It is possible that the two theorems are dual to each other in some sense; this is also reflected 



by the local models in Lemma 3.5 and Lemma 3.12 



2. Remark 3.9,2 applies here as well. In particular, the complex {El°,dl°}, i.e. 



r{X,F) - H% _ Zl {X,T) - H l Zl _ Z2 {X,F) 



(3.45) 



is called the global Grothendieck- Cousin complex |3fj, |33|. If condition ( 3.26 ) is satisfied, then the complex 
( 3.45 ) computes the cohomology groups H*(X,0(E)). Again a sufficient condition for ( 3.26 ) is that X T = F 
is discrete, m = n in (2.4), and F p = {x 6 F | v~ c = p} for < p < n. In § 10], a few other sufficient 



conditions were found. If H z ^ z {T) = for all q ^ p, then the complex of sheaves 







H z \ {T) 0, 



(3.46) 



called the local Grothendieck- Cousin complex, is a resolution of T (see for example 33, Theorem 8.7] or |12 
Lemma 1.2]). In this case, the sheaf T is called locally Cohen- Macaulay with respect to the filtration (fE3). The 



global Grothendieck-Cousin complex (3.45), which computes the cohomology groups H*{X 1 T), is obtained 
from ( 3.46| ) by applying the functor r(X, ■ ). 



4. Examples and Applications 

4.1 Calculations in Cech coholomogy theory 

We interpret some of the procedures in the last section in the language of Cech cohomology theory, which 
is especially suitable for calculations. 

For any sheaf T on X and any open cover U = {Ui \ i £ 1} of X, let H* (U, T) be the cohomology groups 
of the Cech cochain complex 

c\u,T)= F(u io n---nu iq ), (4.1) 

where io, ■ ■ ■ , i q € I (q > 0) are not equal, with the standard coboundary maps. The Cech cohomology groups 
H*(X,!F) are the inductive limits of H*(JA,!F) with respect to the refinement of open coverings. We have the 
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well-known isomorphism H*(X,T) = H*(X,T). For any open subset V C X, let Tv be the presheaf defined 

by 

f T(U), if C/c 7, 
■M^) = (4.2) 
I 0, if otherwise. 

Then Tv is the sheaf associated to the presheaf Tv and H*(X,Tv) = H*(X,Tv) pTl §11.5.11]. If 7' is 
an open subset of V, then the presheaf Tv/Tv>, denoted by Tv/v'i generates the sheaf Tv /Tv = Tv-v- 
Moreover, H*(X,T v /v) = H*(X,T V -v)- 

We now assume that X is a compact complex manifold with a meromorphic T-action and that there is 
an action chamber C such that the set F of connected components of X T is partially ordered with respect to 
the relation -<. Then the Bialynicki-Birula decomposition is filterable, with nitrations of X by closed subsets 



(2.4) and by open subsets (2.5). Let T = O(E), where E — > X is a holomorphic vector bundle on which the 



T-action lifts holomorphically. Then there is a filtration of T by presheaves 

T = T Vo D T Vl D • • • D T Vm D f Vm+1 = 0. (4.3) 

We choose U to be a T-invariant, i.e., for any U% € hi , g £ T , we have gUi G Then we have a T-equivariant 
filtration of the Cech complex 

C*(U,T) = F°C* D F X C* D ■ ■ ■ D F m C* D F m+1 C* = 0, (4.4) 

where 

F p o= T Vp {u io n---nu ig )= T(u io n---nu iq ). (4.5) 

io, —,iq u io n--nu iq cv p 
So there is a T-equivariant spectral sequence converging to H* {hi, T) with E^ q = ® io _ i T Vp /v p+1 {Ui D - • • PI 
J7i 5 ) and = H p+q (hi, Tv p /v +1 )■ Taking the inductive limit of we conclude that there is a T-equivariant 



spectral sequence with E pq = H(X, Tv p -v p+1 ) that converges to H*(X,T). This is Lemma 'i/2 when X is 



compact. However the method outlined above is more convenient for calculations, which we now illustrate. 

Example 4.1 Let X = P 2 = {[zo, zi, z 2 ]} be equipped with a holomorphic action of T 2 = C x x C x given 
by (iti, u 2 ): [zo, Zi, z 2 ] > [20, u^ 1 zi 1 z 2 ]. Let {ei,e2} be the standard basis of 1r = R 2 , and {e^,e|}, 
the dual basis of tjj = M 2 . The three isolated fixed points of T 2 in X are po = [1,0,0], pi = [0,1,0], 
P2 = [0,0,1], whose isotropy weights are — e*, — e 2 ; e\, e\ — e 2 ; e\, e 2 — e*. The T 2 -action on I = P 2 
is meromorphic. Choose the action chamber C spanned by e\ + e 2 and e 2 . Then the relation -< on F — 
{PoiPiiP2\ is given by p 2 ^ Pi ^ Po- The cells in the Bialynicki-Birula decomposition (with respect to C) 
are X§ = {[1,0,0]} = {p Q }, Xf = {[20, 1,0]} = C, X§ = {[z ,z l7 l]} = C 2 . X has a filtration by closed 
subsets X = Zo D Zi D Z 2 D Z 3 = ® with Z\ = {[z , zi, 0]} ^ P 1 , Z 2 = {[1, 0, 0]} = {p } and a filtration by 
open subsets X = Z D V x D V 2 D V 3 = with Fx = {[z , zi, z 2 ] \ z x ^ or z 2 ^ 0}, V 2 = {[z 0l Zi, 1]}. We 
have Z 2 - q - Z 3 - q =V q - V q+1 = X° (0 < q < 2). Let L = ((C 3 - {0}) x C)/C x , where the C x -action is 
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u: {zq, z±, z 2 ,w) !— > (uzq,uzi,uz2,u c w) for some c G Z. L is a holomorphic line bundle over X = P 2 with a 
lifted holomorphic T 2 -action (1*1,1*2): [zo, zi, z 2 , u>] 1— > [zo, u^ 1 zi, ul 2 1 Z2, w]. The weights on the fibers Lo, ^lj 
L 2 over p 0l Pi) P2 are 0, cej, ce 2 , respectively. The first Chern class of L is c\(L) — c. Let T = O(L). We 
want to calculate H* (X, T) in Cech theory. 

Choose an open covering U = {Uo,Ui,U 2 }, where Ui — {[zo,zi,z 2 ] | Zj 7^ 0} = C 2 (i = 0,f,2). Then 
UiHUj = C x C x for any < i < j < 2 and f7 H J7i n U 2 = C x x C x . The restrictions of L to Ui are 
trivial, and T{Ui) = 0{U{) ® L, {i = 0, 1,2). Since H^CO) = H 1 (C X ,C) = 0, the open cover U already 
satisfies H*(U, F) = H*(X 7 J 7 ). Therefore H*(X,!F) can be computed by the spectral sequence associated to 
the filtration (p 



q = 2 
q = 



According to (4.5), the spaces F p C q are given by 

F(u a n Ui n (7 2 ) jf(e/ n c/i n [/ 2 ) ^(t/ n E/k n u 2 ) 
© l<3 f^n^) i<3 . HUiDUj) Hu r\U2)®T(u 1 nU2) 



F(Ul)@F(U 2 ) 



T{U2 



p = p = 1 

Consequently, the spaces E% q = F p C p+q /FP +1 C p+q are given by 



p = 



p=l 



p = 2 



q = 

q = -l 
q = -2 



T(u Q ) HUo n Ux) F(U n c/i n (7 2 ) 
T T 
^(E/i) f(c/ n[/ 2 )ffiJ([/in[/ 2 ) 

T 



The arrows here (and below) denote the coboundary operators. Let r pq be a region in tg 



such that supp = r™ n . 

given by 



(Recall that I* = 1 is the dual lattice in t R = R .) Then regions 1$ are 



p = 



p=l 



V 



q = 

q = -i 

q=-2 



{x,y>0} {y>0} {(x,y)} 

T T 
{y > 0, x + y < c} {x > 0} 1+1 {x + y < c} 

T 



{x > 0, a; + y < c} 

Here the multiplicity of any weight £ £ -Tg 9 n £* in Sq 9 is 1 except for E '~ and £ € {x > 0} n {x + ?/ < c}, 
in which case the multiplicity is 2. The regions r pq are given by 



p = 



p = l 



9 = 



{x,2/>0} 



{y > 0, x + y > c} 



{x < 0, x + y < c} 



Finally, the regions -T 2 are given by 
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q = 



{x,y > 0, x + y < c} 



if c > and by 



p = 



p=l 



p = 2 



g = {x, y < 0, x + y > c} 

if c < — 2. All the weights £ € r^ 9 n (r = 1, 2) are of multiplicity 1 in E"P q . So the spectral sequence degen- 
erates at E% . We recover the well-known result that the only non-trivial cohomology groups are H {P 2 ,O(L)) 



if c > and H 2 {¥ 2 , <D{L)) if c < -2 for a holomorphic line bundle L 



of ci(L) = c. 



Remark 4.2 The method of Example 4.1 applies to any toric variety satisfying the partial order condition. 
More interestingly, the (holomorphic) instanton complex can be used to study the cohomology groups of vector 
bundles over spherical varieties, about which not all is known. (See |l3| for an extension of the Borel-Weil 
theorem.) One notable exception is the flag manifold, which will be discussed in the next subsection. 



4.2 Flag manifolds and generalized Bernstein-Gelfand-Gelfand resolutions 

We show that the spectral sequence for the cohomology of a flag manifold leads to geometric realizations 
of the Bernstein-Gelfand-Gelfand and related resolutions. 

Let G be a complex semi-simple Lie group and T, a maximal torus of G. Let 0, t be the Lie algebras of 
G, T, respectively. Let g = t© (Baezi Q a be the root space decomposition, where A C t* — {0} is the root 
system of the pair (g,t) and Q a — Ce a (a £ A). Let A + be a set of positive roots and let Z\_ = — A + . Let 
n± = © aez i ± Q a - Let B be the Borel subgroup corresponding to the Borel subalgebra b = t® n+. Let W be 
the Weyl group of the pair (g, t). Denote by wo the element in W of maximal length 1(wq) = \ A + \. 

Recall that the Verma module of highest weight A is the t/(g)-module M\ = U (g) Cua, where Cv\ is 

the 1-dimensional [/(b)-module defined by A £ tjjj. M\ is free over f/(n_). As a [/(t)-module, M\ is determined 

by char A/a = -pr —, r^r- When A is a dominant weight, let R\ be the (finite dimensional) irreducible 

module of highest weight A. We have a resolution of R\ by Verma modules [|| 

M w[X+p) _ p ^ ► M w 

(\+p)-p — > M \ — > R\ — > 0, (4.6) 

i(io)=|4 + |-l i(iw)=l 

where p = \ Saezi + a - This is called the Bernstein-Gelfand-Gelfand resolution of R\. 

For any w £ W, put ri± = wn±w~ 1 . The twisted Verma module M™ is a [/ (g)-module of highest weight A 
that is free over U(n% n n_) and co-free over [/(n^ n n+) @. In particular, MjJ = and M™° = Af A ; the 
[/(g)-module structure of the dual MjJ is given by (l5|, §2.3] 

(sC,«) = -(^r(x)«) for x eg, £e AfJ, « G Af A , (4.7) 
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where r is an automorphism of Q such that r(h) = —h (ft £ t) and r(e a ) = e_ Q {a £ A). If M\ is irreducible, 
then M™ = A/a for any w £ W. As {/(t)-modules, we always have char Ml" — char M\. 
For example, take Q — sl(2, C) = span c {ft, e, /} with commutation relations 

[ft,e]=2e, [ft,/] =-2/, [e,/] = ft. (4.8) 

The Weyl group is = {±1}- The twisted Verma modules of highest weight A £ K are M\ = M x and 
A/^ 1 = A/a. Here the Verma module is A/a = span c {w^ = f k v\ \ k £ N} with 

hv k x = (A - 2fc)i^ 

ewj - fe(A- fc + (fc€N). (4.9) 

The dual is MjJ = span c {^ | fe e N}, where (£%,v l x ) = 5 kl (k,l £ N). The [/(g)-module structure is 

htt = (A - fc)^ 

= -f*" 1 (fc € N). (4.10) 



-\ 

_i_ 1 v\ _ z-v 

'A 

When A is not a dominant weight, i.e., when A ^ N, M\ = Af^ as [/(g)-modules and the isomorphism is given 
by v\ i-> fc!(fc — 1 — A) • ■ • (— A)£* (fc € N). When AeN, M\ and A/^ are not isomorphic £/(g)-modules. The 
irreducible module R\ is a quotient of M\ and a submodule of M x . 

We consider the non-degenerate flag manifold X = G/B~, where B~ is the Borel subgroup opposite to 
B. The maximal torus T acts meromorphically on X . The fixed-point set is X T = {wB~ | w £ W}. The 
isotropy weights at wB~ are wa (a £ A+). The action chambers in t are the Weyl chambers. Choose the 
positive Weyl chamber, denoted by "+". Then the polarizing index of wB~ is v~ = \A- (1 wA + \ = l(w) 
for any w £ W. The Bialynicki-Birula decomposition is precisely the Bruhat decomposition X = [J we yyX^, 
where = BwB~ / B~ (w £ W) are the Bruhat cells B. These cells are also the /3-orbits in X. Moreover, 



the relation -< on F = W is the Chevalley-Bruhat order |20|, which is a partial ordering. Consequently, the 
Bialynicki-Birula decomposition is filterable, and we have the filtration (^J), where m = \A + \ = dimcX. 
The closed sets Z p — {Ju w \ >p X+ (0 < p < \ A + \) are the Schubert varieties. Since Z p — Z p+ i — \Jif w \- p X+ 
(0 < p < \A + \) and v~ = l(w), the cohomology groups H*{X,T) with coefficients in any sheaf T can be 
computed by the (global) Grothendieck-Cousin complex ( [3.45 ), which becomes 

0^H° xt (X,F)^ H^X,?)^:-^ H^-\X,F)^H^(X,F)^0. (4.11) 

l(w)=l W l(w)=\A + \-l W W ° 

Given any integral weight A £ £*, we have a holomorphic line bundle L\ = G x B - <Cv\ over X, where Cv\ 
is the 1-dimensional holomorphic representation of B~ defined by A. The weight of T on the fiber (L\) wB - 
(w £ W) is wX. Set T\ = 0(L\). Then from subsection 3.2, we have for any w £ W, 

C ^Hl w + \x,T x ) = e wX TT - TT -i = 6 -. (4.12) 

xZ x J- J- i — e~ wa 1 — e wa n (1 — er a ) 

aeA + nw- 1 A + aeA+nw-i-A- lla€A + \ 1 



22 



So as representations of T, H l ^_'(X, T\) is the same as the Verma module M w (\ +p )_ p . In fact the above local 
cohomology groups are J7(£|)-modules. This is because the canonical resolution C*(J 7 \) of !F\, on which the Lie 
algebra Q acts, is U (g)-equivariant. (Notice however that a representation of Q on an infinite dimensional space 



may not exponentiate to that of G.) Therefore the Grothendieck-Cousin complex ( 4.11 ) is [/(rj)-equi variant. 



Moreover, we have H l £+\x, F x ) = M^(x +p) - p as [/(fl)-modules |23|, §2.2]. So J4.1l|) becomes 



-> M 



A 



M : 



w{\+p)-p 



e 



M. 



w(X+p)-p 



M Wn \- 



wq\—2 P 



0. 



(4.13) 



l(w)=\A+\-l 



(4.14) 



If A + p is regular, the cohomology groups H*{X, !F\), hence those of the complex (4.13), are 

{ 0, if q^l(wx), 

where w\ is the unique element in W such that w\(\ + p) — p is a dominant weight The complex ( [4.13] ) 
is called the generalized Bernstein- Gelfand-Gelf and resolution of R Wx (x+ P )- P fp3| , §2.3]. If A + p is singular, 
then all H* {X, J~\) = §. When A is a dominant weight, ( |4.13| ) is the dual of the Bernstein-Gelfand-Gclfand 
resolution ( |4.6| ) for i?>, |33], |lj, [l^] . When woA — 2p is dominant, (4.13) is the Bernstein-Gelfand-Gelfand 

Then T = {(" u _ x ) |u € C x } and fl~ = {(^ u _ 1 )|ueC x }. Consider 
The action of G on the homogeneous coordinates is 



resolution for R Wo \-2 P - 

Example 4.3 Let G = SX(2,C). 

X = G/B- = P 1 = (C 2 - {Q})/<C y 



a 

c d 



: [zo, Z\] h-> [czi + dz , azi + bz 



On the open dense subset {[1, z]} = C, the above action is the fractional linear transformation 



(4.15) 



22±if. The 

generators of act on X as h — 2z^, e = J^, / = —z 2 -^. The fixed-point set is X T = {0 = [1, 0], oo = [0, 1]}, 
on which the Weyl group W = {±1} acts. The Bialynicki-Birula decompositions X = I^UI* were discussed 
in subsection 2.1. For A G Z, consider the line bundle is L\ = (C 2 
w: (zqjZijw) i— ► (uzq, mzi, u x w). The G-action lifts to according to 



{0})/C x , where the C x -action is 



a 6 
c d 



[czi + dzo, azi + bzo, w] 



(4.16) 



Let T\ = 0{L X ). The cohomology groups H*(W l ,Fx) as [/(fjj-modules can be computed from the U(g)- 
equivariant cochain complex 



H° x +(F\T X ) -> H\ + (P 1 ,^) 



(4.17) 



Let ?7i = {[zo, Z\] | 7^ 0} (i = 0, 1) be two open sets in P 1 . Then the above cochain complex becomes 

o - r(u a ,Tx) -» r(c/ n Ux,T x )ir{u u T x ) -» o. (4.18) 

We define two sections Sj G r(Ui,T\) (i = 0, 1) by Si([zo, zi]) = [zq, Zi, z 4 A ]. Then r(Uo,!Fx) = span c {z fc so | fc € N} 
and r(Uo H C/i, T\)/r{U\, T\) = span c {z fc+1 si | fc e N}, where z = on t/ - The actions of g on the two 
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spaces are given by 

h(z k s ) = (A - 2k)z k s Q { h{z k+l s 1 ) = {-X-2k-2)z k+l s 1 

e(z k s ) = -kz k - l s and I e(z fe+1 si) = (-A - k - l)z k Sl (4.19) 

f(z k s Q ) = -(A - k)z k+1 s [ f(z k+1 Sl ) = (k+l)z k+2 Sl . 

Therefore as £7(g)-modules, r(U ,F\) ^ M* and r(U n U u T x )/r(U 1 , T x ) = M_ A _ 2 , where the isomor- 
phisms are given by z k i— > k\£ k and z k+1 si i— > fc!i> A , respectively. If A > 0, then Af_ A _2 — M1 A _ 2 , and 
(p7|) becomes — > M A — > M* x _ 2 -> 0. So ff^P 1 ,^) = ker(M* -> M* A _ 2 ) = P A and ^(P 1 ,^) = 0. 



If A < -2, then Af* = M A , and ( 4.17 ) becomes — > M A — > M_ A _ 2 -> 0. So P°(P\.P A )) = and 



iP (P 1 , = M-x-2/Mx = R\. If A = -1, then M* = M_ A _ 2 . So all P*(P\ .F A ) = 0. 

Remark 4.4 Lepowsky |37j found a Bernstein-Gelfand-Gelfand-type resolution of any irreducible U(q)- 
module by the generalized Verma modules, which are induced from representations of a parabolic subgroup 
P C G. In p2[ , a geometric realization of this resolution was constructed using the local cohomology of 
the P-orbits in G/B~ (rather than the P-orbits in G/P~). Let H be the Levi subgroup of P, and f), its 
Lie algebra. Let Ah be the root system of the pair (f),t), and Wh, the corresponding Weyl group. Then 
X = G/B~ decomposes into its P-orbits according to 

X= (J Pw'B-/B~, (4.20) 

w'EW/Wh 

where W/Wh = {Whw | w € W} (see for example [|9[ §1-2]). H is the centralizer of a torus subgroup 
T' C T, whose Lie algebra t' C t. Consider the (meromorphic) T'-action on X. The fixed-point set X T = 
U«j' eW/Wh H w> B~ / B~ . Choose the action chamber C C t' such that (a, C) > for all a 6 A + — Ah H zl+. 
The the Bialynicki-Birula decomposition of X with respect to C is precisely (4.2C). Therefore ( |3.45 ) gives 
the geometric realizations of Lepowsky's resolution and similar generalizations. 

4.3 Cohomology and geometric quantization of non-compact manifolds 

In section 3, we obtained equi variant holomorphic Morse inequalities and equi variant index theorems for 



non-compact complex manifolds under Assumption 2.14. In this subsection, we apply them to establish some 



results on the cohomology groups and on geometric quantization. 

Let X be a (possibly non-compact) complex manifold of dimension n with a holomorphic T-action satis- 
fying Assumption p^. Let H pq (X) = H q (M, 0(A p TX)), H pq (X) = H q (M,0{A p TX)) (p,q = 0, 1, . . . ,n) 



be the Dolbeault cohomology groups of X and those with compact support, respectively. Let P(X; s, t) = 
Ep, 9 =o s p ti charHPi(X), P c (X;s,t) = YT P , q =o s p t q ch&Y H pq (X), the character- valued Poincare-Hodge polyno- 
mials. If the cohomology groups are finite dimensional, then h pq (X) = dimcH pq (X), h pq (X) = dimcH pq (X) 
are the Hodge numbers of X and p(X; s, t) = J2p. q =o s p t q h pq (X), p c (X; s, t) = J2p, q =o s p t q h pq (X), the (usual) 
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Poincare-Hodge polynomials. Notice that if A is a non-compact Kahler manifold, the Hodge numbers or the 
Poincare-Hodge polynomials do not necessarily satisfy the usual symmetry relations. For example let A = C. 
Then H 01 (X) = H™(X) = whereas H 10 (X) and ff c 01 (A) are infinite dimensional. 



Proposition 4.5 Under Assumption 2.14, 

1. suppi/P ? (A) C C* H £* for all C such that the T -action is C -meromorphic. Moreover, for any such C, 
there is a polynomial q^(s,t) > such that 

n 

Y J {st)^ Pc {Xl;s,t)= ^ sH" dime H^(X) T + (1 + t)q^( S> t); (4.21) 

2. supp H pq (X) C — C* n I* for all C such that the T -action is C -meromorphic. Moreover, for any such C , 
there is a polynomial q (s,t) > such that 

n 

J2 {st) n - n «- v °«p{Xl- s,t) = J2 ^ dime H™(X) T + (1 + t)q c (s, t). (4.22) 

a£F p,q—l 

Proof. The results follow from the proof of |5^, Theorem 4.1]. □ 

Remark 4.6 1. If in addition there is an action chamber C such that the T-action is both C-meromorphic 
and (— C)-meromorphic, then the cohomology groups H"P q (X) and H pq (X) are trivial representations of T. 
This is true when X is compact |)3|, Theorem 4.1.1, Remark 4.2.1] but not so in general. For example, let 
X = C with the standard multiplication by C x , which is plus-meromorphic. Then suppi/ 00 (X) = — N and 
sup Pj ff c 01 (X) =N - {0}. 



2. As in |33], Corollary 4.5], we conclude from Proposition 4J5 that if \p — q\ > max Q gi? n a , then HP q (X) T = 
HP q (X) T = 0. In particular, if all the fixed points are isolated, then HP q (X) T = m q {X) T = when p ^ q. 
The result |]l6[| for the full cohomology groups does not hold in our non-compact setting. In the above example 
with X = C, (X) ^ although the only fixed point is isolated. 

We now consider geometric quantization on a Kahler manifold X with a holomorphic C x -action satisfying 



Assumption 2.15. Recall that a pre-quantum line bundle L on (A, uj) is a holomorphic line bundle whose 
curvature is ^= . Suppose such an L exists and the C x -action lifts to a holomorphic action on L. 

Definition 4.7 The quantization of (A, u>) is the virtual vector space 

H(X) = @(-l) 9 iT 9 (X, 0{L)). (4.23) 

9 =o 



Applying Theorem 3.14.1 to the pre-quantum line bundle, we obtain 

H{X) = (${-iy +q E pq (4.24) 

p.q 

as virtual representations of C x , where the spaces E pq are given by ( |3.17 ). 
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Without loss of generality, we assume that the moment map n is bounded from above. Then the C x -action 
is plus-meromorphic. Suppose is a regular value of fi. For simplicity, we assume that the S^-action on /i _1 (0) 
is free. Then the symplectic quotient Xq = /i _1 (0)/S' 1 = X s /C x is a smooth Kahler manifold. We construct 
the symplectic cuts (X±,uj±) as the symplectic quotients of the S^-action on X x C, where the weights on C are 
±1, respectively |3q] . The two cuts are Kahler manifolds with holomorphic C x -actions. X + is compact and X_ 
satisfies Assumption 2.15. The sets of connected components of X±* are F± = {0} U {a 6 F \ fi(X^) £ K }, 
respectively, and X± = Xq, X±^ a = X^ x as complex manifolds J5^, Lemma 4.6], which we now identify. Let 
TVo — > Xq be the holomorphic line bundle associate to the circle bundle /i _1 (0) — > Xq. Then C x acts on the 
fibers of iVo with weight 1. The holomorphic normal bundles of Xq in X± are isomorphic to Nq , respectively. 
Since the action of C x lifts to L, the pre-quantum line bundles Lq — ► Xq and L± — > X± exist. We have the 
isomorphisms L±\x — Lq and L±\x±-X — ^I^- 1 (k±) ( see f° r example |5^, Lemma 4.9]). 

Proposition 4.8 Under the above assumptions, we have 

1. a gluing formula under symplectic cutting 

char if (X) = chaxH{X+) + chartf(X_) - dime i?(X ); 

2. that quantization commutes with reduction, i.e., 

dim c H{X f y = dim c H{X ). 

Proof. For a 6 F, let 



( — 1) 



ch, 



\ X C>< 



det N 



± 



x c> 



det(l - (NS)*) ® det(l - AT±) 



td(Xf ). 



Then by (3.41), we obtain 

char H (X+) 



and 



chari?(X_) 
1. From ( ggg ) and ( fOcj) , we get 



E 4" 

o€F + -{0} 

E 4 + 



E £ 

a£F_-{0} 



civ 



An 



1 ' 



^r 1 ; 



ch r 



A'n 



Lq 



Chr 



An 



1-iVn 



1- JVo 



td(X ) 
td(Xo) 



td(X ) 



charff(X+) + charff (X_) = ^ 7 « + / ch(L )td(X ) = chariT(X) + dim c H(X ) 



2. From (4.29) and (4.3C), we get 



dime H{X + f = dim c H(X_) 



ch(L )td(X ) =dim c i?(X ). 



A„ 



The result follows. 



(4.25) 
(4.26) 
(4.27) 

(4.28) 
(4.29) 

(4.30) 

(4.31) 

(4.32) 
□ 
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Remark 4.9 1. We can define H C (X) = (B" (-l) q H<i(X,O(L)) as the counterpart of (f4.23| ) with compact 



support. Using ( (4.29| ) and 

chari? c (X_) = 

we can show a similar gluing formula 



aeF--{0} 



ch f 



A'n 



L 







1 — JV, 



td(X ). 



char# c (X) = ch&rH(X + ) + chari? c (X_) - dim c iJ(X ). 



(4.33) 



(4.34) 



However dime H C (X) C * ^ dimc-ff(Xo) in general. For example, take X = C and choose the moment map 



H(z) 



-1 - i|z| 2 . Then dim c H c (X) cX = 1 but X 



2. When (X, w) is symplectic, the individual cohomology groups in (4.23) do not make sense, but H(X) can be 



defined as the index of a spin-Dirac operator. In |21j| , ( 4.25 ) and ( 4.26 ) were proved for compact symplectic 



manifolds. ( 4.26 ) is the S' 1 -case of a conjecture by Guillemin and Sternberg j29j; the cases with higher rank 
torus and non-Abelian group actions were proved by Meinrenken |Io| , EjJ , Jeffrey and Kirwan [|T), Vergne 
pq| and others under various generalities using localization techniques, and by Tian and Zhang [fl7| using an 
analytic approach. 

3. Proposition 4.8 shows that the results of holds for non-compact Kahler manifolds under Assump- 
2.15. For non-compact symplectic manifolds satisfying Assumption |2 . 1 5 , the validity of (4.25) and ( 4.26] ) 



tion 



remains open. Also it would be interesting to investigate, analytically or otherwise, whether the Tian-Zhang 
inequalities |47|] 



J2 t k dime H k (X , O(L )) = ^ t k dim c H k (X, 0{L)) C * + (1 + t)Q (t) 



(4.35) 



k=0 



fc=0 



for some Qo(t) > hold when X is non-compact and Kahler. The conjecture in |33], Remark 4.11] can also be 
posed in this non-compact setting. 

Remark 4.10 In ordinary Morse theory, the underlying real manifold is (the bosonic part of) the configuration 
space of a supersymmetric system [pOf . In holomorphic Morse theory, the complex manifold X , if it is Kahler, 



can be interpreted as the phase space of a bosonic system; this interpretation is adopted in Definition 4.7. The 
spectral sequence in Theorem 3.14 .1 or Corollary 3.15 .1 that converges to the quantum Hilbert space ( |4. 23| ) 
is a finite dimensional model of the BRST approach in conformal field theory [Q. In |^3|, |llj, the case of 
flag manifolds (see subsection 4.2) was considered. Here we show that the analogy works for any quantizable 



Kahler manifold with a Hamiltonian S^-action satisfying Assumption 2.15. It would be interesting to extend 
the present work to infinite dimensional settings. 
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